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Abstract

In a continuous coordination game, under myopic best response, players change strategies, and thus
strategic communities change their shapes in time. We show that the boundaries of these strategic
communities evolve according to Free Boundary Mean Curvature Flow in the continuous time limit. The
convergence relies on an approximation scheme for the Mean Curvature Flow, which has previously been
used to describe other threshold dynamics. With this equivalence, we can characterize Nash equilibria
of the continuous coordination game as minimal surfaces and explore related consequences in biased
versions of the same game.

1 Introduction

In a coordination game, players receive a higher payoff for playing the same strategy as their coplayer(s).
This is called the bandwagon property [KR98| [CS22], and this class of games has been studied for several
decades in many different disciplines. In every coordination game, the strategy profile in which all players
play the same strategy (regardless of what that strategy is) is a Nash equilibrium. This Nash equilibrium
is called the consensus equilibrium [KMR93] [EII93]. When every player interacts with every other player
evenly, this is the only Nash equilibrium, but when the relational structure is not completely connected,
there may be Nash equilibria which are not consensus equilibria.

The case where there is an explicit relational structure among players is called a “structured coordination
game,” and it has been studied in discrete settings by many for several decades (e.g., [EI93] [ETI00}
[RVRI5, [Oec99]). These studies have relied on reducing the state space through some sym-
metric reduction to get analytically tractable results or using simulation to make observations when such a
reduction is not possible. Although general analytical results are difficult to find, there are many types of
relational structures which are known to only admit consensus equilibria (i.e., K, Ky » for n,m coprime,
Cy, P, and many lattices) [ET193].

The more difficult task is to be able to predict what non-consensus equilibria look like from a general
relational structure. It is obvious that finding equilibria is equivalent to locally minimizing the number
of edges connecting different players not using the same strategies. In [McA26b], this is shown to have a
geometric intuition of minimizing the boundary of the strategic communities (which can be described as a
graphical object in the dual sense). This purely geometric description of the game in the discrete setting
suggests an analogous relationship between coordination and minimal surfaces in the continuous setting.

Interestingly, when we consider this game in the continuous player space, the dynamics of the game
become easier to understand, at least in the limit where the radius of interaction for each player is vanishingly
small relative to the domain. In this manuscript, we will describe this continuous extension rigorously and
show that, if time and space are scaled appropriately, the limit of a Myopic Best Response (MBR) process
for this coordination game converges to a limit, and that limit is equivalent to the Free Boundary Mean
Curvature Flow (MCF) of the initial strategic boundaries.

In section [2] we give necessary background on the coordination game and on the mean curvature flow. In
section [3| we give the main result, that MBR replicates MCF, first in the Cauchy setting, then again in the
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free boundary setting. We finally explore the implications of the main result and some extensions in section

@

2 Background

2.1 Coordination

In order to understand this relationship, we must first describe the continuous coordination game in detail.
We begin with a standard discrete coordination game where players are vertices v € V' in a graph G which
is described by the weighted adjacency matrix W. The weights in W describe how frequently one player
interacts with another. Each player has an associated strategy from the set of strategies C. In the most
basic version of the coordination game, where the payoff matrix is the identity matrix, I,,,, where m = |C/|,
the payoff of any single pairwise interaction is 1 if the two players play the same strategy and 0 otherwise.
In the multiplayer game, we say that the payoff is the weighted sum of the payoffs from all possible pairwise
interactions. Thus, for a strategy profile u : V' — C, the payoff of player v playing strategy ¢ against the
strategy profile u is given as
w(v,ilu) =Y Wy w0(i, u(w)) (1)
weV

where d(a,b) = 1 if a = b and 0 otherwise.

From this, the extension into continuous space is clear. Now every player is a point in some open domain
Q C R", so a strategy profile v is a function from € to the set of strategies, C, and the weighted adjacency
matrix is replaced by a kernel K(z,y) which determines the frequency of interaction between x and y.
Making these substitutions in and replacing the sum with an integral, we get the new payoff function

wl,iu) = /Q K (2, y)xi(y)dy (2)

where x;(y) is the characteristic function for the set {u(y) =1i;y € Q}.

This fully characterizes the game. Each player in the set of players, €2, takes on a strategy from the
strategy set C' and their payoffs are determined by . The mapping from players to strategies is called a
strategy profile, and if no player can improve their payoff by changing strategies, a strategy profile is a Nash
equilibrium. More specifically, because the game is non-atomic [Aum64, [Sch73], (each player is of measure 0
and has no impact on the payoffs of other players), we use the solution concept of an almost everywhere Nash
equilibrium, where the Nash condition is satisfied almost everywhere. It is obvious that if (almost) every
player is playing the same strategy across the entire domain, then it is a Nash equilibrium. However, we
can find examples of non-consensus Nash equilibria. Consider the space R™ so that the upper half-space R’}
plays strategy 1 and the lower half-space and its boundary play strategy 2. This is also a Nash equilibrium
for any nonnegative, radially symmetric, measurable kernel. Consider any point in the upper half-space with
coordinate x = (n,2'). Let S = {y = (y1,%’) € R%};y1 € (0,2n)}. Notice that, in the region above S, every
player plays strategy 1, and in the region below S, every player plays strategy 2. Moreover, because z is in
the middle of S, we know that the mass of K(x,-) below S is equal to the mass of K(x,-) above S. In other
words, [o. K(z,y)dy = fRi\S K (z,y)dy. This means that
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Strategy Profile u(x)

Figure 1: A strategy profile in a bounded domain in R2. Players colored cyan are playing strategy 1, and
players colored yellow are playing strategy 2. Outside of the domain is colored dark blue.

Thus, no player in the upper half-space could improve their payoff by switching strategies. The same can
be said for the lower half-space symmetrically. Those players on the boundary have w(x,1|ju) = w(x, 2|u)
and therefore cannot improve their payoff by switching strategies, no matter which strategy they pick. This
means that no player can improve their payoff unilaterally, and thus we have found a non-consensus Nash
equilibrium.

Although we can treat this game classically as above, to study this game dynamically we must also
describe a strategy revision protocol. In this case, we use the standard Myopic Best Response (MBR). MBR
is a time-stepping process where, for a strategy profile u, every player simultaneously takes on their best
response to u, resulting in a new strategy profile, u’. Player x’s best response to u is whichever strategy
maximizes their payoff if every other player plays according to the strategy profile u.

BR(xlu) = arg maxw(z, ilu) (3)
1€

As an example, consider the strategy profile in figure (Fig. . Computing the payoff of playing strategy
1 is simply a convolution of the kernel, which in this case is a Gaussian kernel) and x; (Fig. . Once the
payoff for each strategy is computed and best responses are determined, a new strategy profile can be drawn
from the best responses to the original strategy profile (Fig. . As players close to the strategic boundary
change their strategies, the strategic boundary itself shifts (Fig. E[)

If every player updates their strategy according to their best response simultaneously and repeatedly,
this generates a sequence of strategy profiles.

{u}i2o with us(z) = BR(x|us—1) for t >0

for some initial condition ug. This is a best response sequence, and the boundary of the strategic communities



wi(x,1|u) w(x,2|u)

Figure 2: left The payoff of playing strategy 1 against the strategy profile u and right The payoff of playing
strategy 2 against the strategy profile u. Brighter colors indicate a higher payoff.

Best response to u(x)

Figure 3: After a single iteration of Myopic best response, the strategy profile from [1] changes. Away from
the strategic boundary, most players keep the same strategy, but close to the strategic boundary some players
change strategy. This gives the impression that the strategic boundary moves.



Boundary of the Best Response to u(x) superimposed on u(x)

Figure 4: To illustrate the motion of the strategic boundary through myopic best response, we show the
original strategy profile v with the strategic boundary from its best response superimposed in black.

evolves in time (Fig. . It is obvious that, if a best response sequence has a limit, then that limit is necessarily
a Nash equilibrium.

Because the convolution makes the payoff functions uniformly continuous in €2, the intermediate value
theorem ensures that there are players in €2 that have degenerate best responses, meaning that at least
two different strategies maximize payoff. If the set of players with degenerate best responses has positive
Lebesgue measure, then the dynamics may be dependent on the choice of tie-breaking rule. However, later
in section [3] through our equivalence, we will be able to argue that the set of players with degenerate best
responses will have empty interior and that any tie-breaking order will result in equivalent dynamics, so long
as our initial strategy profile is sufficiently well-behaved.

It is important to mention that this game is well-posed for an extremely general class of kernels K.
For the equivalence that we are interested in showing, we must put some additional assumptions on the
kernel. These assumptions will be described later in more detail in subsection [2:2] However, there are two
assumptions with game-theoretic meaning that we must describe now. The first is that the kernel is radially
symmetric. This means that the likelihood of two players interacting is dependent only on the distance
between these two players. For this reason, we can write K (x,y) = K(z —y) and thus our fitness function is
a proper convolution. The second is that it must have an appropriate scale parameter, e. The appropriate
scaling that we will require is

Kf(x-y):ean (”C;y> (4)

This scaling parameter will be necessary when we embed our discrete sequence that results from MBR into
Q% [0,T). The time step, At, will be required to be At = €2, which supposes that as the time step decreases,
the interaction kernel becomes concentrated close to 0. This assumption is game-theoretically reasonable
because it suggests that with less time to interact between changing strategies, each player will interact more

with individuals close to them and less with individuals far away. As an example which we will come back
2

will satisfy all of the conditions for our equivalence and

Ve(y) = 1 _z_
to frequently, the kernel KV¢(z) ¥ P |3z
is the well known fundamental solution to the heat equation.



Myopic Best Response with two strategies in a convex region
T=0.1 T=1

=
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Figure 5: A sequence of strategy profiles generated by myopic best response with an explicit time step. At
each time step, every player may change its strategy, and so the boundary between strategic communities
shifts.

Notice that one player’s absolute payoff does not depend on any other player’s absolute payoff, so the
game is not changed by modulating the payoff function by a multiple even if that multiple depends on z.
This means that the dynamics of the game remain unchanged even if the kernel K¢(x — y) is replaced with
Ke(z —vy) = MKG(QC —y). In R™ this has no effect because ||[K(x — -)||1(rn) is independent of

x. In a bounded domain, this has the effect of ensuring that >, w(z,i|u) =1 for all z,4, and w.

We have now described the game and the strategy revision protocol entirely. Because of the space-time
scaling (which is the standard parabolic scaling), we will express a single time step of myopic best response
with the operator H(h), so a myopic best response sequence is written as {ug, H(h)ug, H(h)?ug, ...}. We can
explicitly express this operator by writing

D R (5)

1€
where ; is the indicator function for {z € Q;u(z) = i}. Notice that the kernels are scaled as v/h because of

the parabolic space-time relationship assumed above. The sequence altogether embedded in space and time
is written as

U {u(nh)} x {nh} C Q x [0,00)

where u((n 4+ 1)h) = H(h)u(nh) and u(0) = ug. For clarity, when we discuss a strategic community 4, we
mean the set of players playing strategy i at time nh (i.e., @', = {x € Q,u(z) = i}). Because the boundaries
of the strategic communities are crucial to understanding the equivalence we propose, we call the complex
of strategic boundaries T, = [J/~, 0Q%, \ 0€2.

2.2 Mean Curvature Flow and its Approximation

Having described the MBR process, we will now give a brief background on the mean curvature flow. Readers
interested in a more complete understanding of MCF from a differential geometry perspective should refer



to [ACGL20]. However, the background we present here will be sufficient to understand the equivalence we
present and its implications.

2.2.1 Motion by mean curvature

Suppose that we have a closed hypersurface in (n + 1)-dimensional space, My C R™*1, and further suppose
we have a variation M; of My, that is, a one-parameter family of hypersurfaces which coincides with M, at
t = 0. Then the first-variation formula for the surface area implies

> dH",
t=0

where z is position, H" is the usual n-dimensional Hausdorff measure, v is the outward pointing normal,
and H is the mean curvature defined by divy,, 7. From the first variation of area formula, we see that the
most efficient way to instantaneously reduce the volume of Mj is to perturb so that

oz
ot

dt|,_, Mo ot

- _HP (6)
t=0

on My. If (@ is satisfied for each ¢, then we call the family M; a mean curvature flow. More concretely, we
say that a family of hypersurfaces, {M;}c(o,7), is a mean curvature flow if

ox .

on M, for each t € [0,T). We note that the right-hand side of @ is equal to Ay, x, and so the mean curvature
flow equation may be written (0; — Apz, )z = 0 and is sometimes called the geometric heat equation. An
important fact from the evolution equation is that the stationary solutions to the mean curvature flow
are precisely those surfaces with mean curvature everywhere equal to 0, which are called minimal surfaces.
If n = 1, we call the resulting flow the curve shortening flow. Some examples of the mean curvature flow
are:

e The stationary plane. In this case M; = P where P is a hyperplane in R®*!, which trivially satisfies
(7)) since in this case H = 0.

e The shrinking sphere. In this case M; = (\/ r2 — 2nt) S™, which describes a shrinking family of spheres.

e The grim reaper. In this case, n = 1 and M; = {(z,y) € R? : -5 <z < %,y=t—Incosxz}, which
describes a family of curves which translate vertically at unit speed.

The shrinking sphere demonstrates that singularities may form in finite time, and therefore, it is natural
to ask whether or not a singularity may form before the flow disappears. In the case of n = 1, the curve
shortening flow (Fig. @, the answer is negative in the case that the initial curve is closed and embedded,
which is due to the combined work of Gage-Hamilton [GHS86] and Grayson [Gra89]. However, in higher
dimensions, closed examples of singularity formation before the flow disappears do exist; see [Eck04, Remark
3.8] for example. In this case, one would like to develop a theory for evolving past singularities, and one
such way is the so-called level-set flow.

2.2.2 The level set approach

A very important element to understanding the equivalence we propose is the so-called level set approach to
geometric flows. For the mean curvature flow in particular, a solution to the level set equation

up = |Vu| div (W)
[Vu (8)
Ty ={z € R""!; u(x,0) = 0}

will have level sets that satisfy the mean curvature flow in R"*! with initial data I'y. Moreover, if the domain
is restricted to  with C? boundary, then solutions to equation |8 with Neumann boundary conditions will



Figure 6: The curve shortening flow is a special case of the mean curvature flow with n = 1. The initial curve
(in black) is shown, with several successive time slices in grey. The curve evolves in time and eventually
dies at a round point in finite time. This image was generated using a visualization tool made by Carapetis
[Car19).

have level sets that satisfy the free boundary mean curvature flow, meaning the surface meets the domain
boundary orthogonally for all positive time. Furthermore, the level set flow is known to flow through possible
singularities which may form in the classical viewpoint; however, through a process called fattening (which
is referred to here as the non-empty interior difficulty), this may no longer be unique [[Im92, Example 7.3].
If we know some a priori structure on the initial level-set, this may be avoided (see [HW20] for example).

These remarkable results were first shown by Evans and Spruck through a series of papers [ES91], [ES92al
ES92b, [ES95]. Among the important results are the existence and uniqueness of viscosity solutions to and
the fact that the motion of the level sets is entirely geometric. Further results concerning the regularity of
such solutions may be found in [CM16] and [CM18]. These results, which were initially shown in the Cauchy
setting, were extended to work in a bounded domain with C2? boundary and Neumann boundary conditions
by [Sat94]. Tt is easy to see that with Neumann boundary conditions, a solution to will have level sets
that meet the domain boundary orthogonally. This means that the MCF replicated by the level set approach
with Neumann boundary conditions is the free boundary mean curvature flow, where the evolving surface
meets the domain boundary orthogonally. We introduce this approach to understanding mean curvature
flow because it is crucial to connect the approximation methods to MCF with the flow itself.

2.2.3 Approximation through diffusion

The most crucial element of the connection between MBR and MCF is a scheme originally used to ap-
proximate mean curvature flow developed by Merriman, Bence, and Osher [BMO92]. This Scheme (called
the MBO scheme) was developed in 1992, and its convergence was proven by Evans in 1993 [Eva93] and
separately by Barles and Georgelin in 1995 [BG95].

The algorithm they propose is described as follows. Consider a closed region Ry C R™ with a smooth
boundary, which we call 'y = ORy. Let xr, be the characteristic function for Ry. Find the unique « which
solves u; = Au € R™ x (0, h) with u(-,0) = xg,. This is equivalent to saying u(-,h) = S(h)xr,, where S(h)
is the semigroup operator for the heat equation. Having diffused the characteristic function, we form a new
region Ry, with properties R, = {z € R™;u(z,h) > %} It was proven by Evans that if Ry is closed with a
smooth boundary, so too is R;, [Eva93]. Repeating this process, we generate a sequence of sets described in
the following way



R = {2 € B S00xm(0) 2 5} o)

This process results in a sequence of characteristic functions xg,,, for the sets R, which are themselves
superlevel sets of the previous characteristic function after diffusing for time A. This was originally proposed
as a numerical method for the fast computation of curvature flows, but it has been adapted and applied to
many different kinds of threshold dynamics and geometric flows. Convergence was first proved by Evans in
1993 using the theory of nonlinear semigroups to show that the motion generated by one step of the MBO
process is within o(¢) of the motion of level sets of solutions to after time ¢, and so the limits coincide.
At the same time, Barles and Georgelin showed that the limit of the sequence of characteristic functions
existed and was both a viscosity sub- and super-solution to .

In either method, they had to contend with the possibility that the level set from the MBO scheme
was not guaranteed to have an empty interior, in the same way that the MBR process does not guarantee
that the set of players with degenerate best responses will have an empty interior. The conditions for when
the non-empty interior difficulty is avoided were made possible by a result about the level set equation by
[BSS93]. For this result, and others to follow, define dd(z,OR) as the signed distance of a point = from a
surface R which is positive inside of R and negative outside of R.

Lemma 1 (Non-empty interior difficulty for the level set equation (from [BSS93]). If R C R™, I' = 0R, and
u is the solution to with ingtial data u(x,0) = dd(z,T'), then T'y := {u(x,t) = 0} has an empty interior if
and only if there is a unique solution to with initial data Xr — XRe-

Later in their proof of convergence, [BG95] showed that these are the exact conditions under which the
MBO process will avoid the empty interior difficulty. That is to say, whenever R is such that the solution
to with initial data u(z,0) = dd(z,OR) in R™ has an empty interior, then the MBO process will avoid
the non-empty interior difficulty. Although the exact conditions under which this occurs are not perfectly
described, [BSS93| gives a sufficient condition for when the conditions of Lemma [I| are satisfied. For our
discussion, we can say that if OR is C? and “sufficiently well behaved,” then it satisfies the condition of
Lemma [T and thus MBO does not encounter the non-empty interior difficulty. For examples of regions which
are not “sufficiently well behaved,” see [ES91] [ES92al [BSS93].

When the original region is sufficiently well behaved, not only will MBO avoid the non-empty interior
difficulty, but the process will also replicate the mean curvature flow as i — 0.

Lemma 2 (Convergence of MBO from [BG95] (equivalent to [Eva93|)). Let Ry C R™, and let u be the
solution to in Q x [0, T] with initial data dd(x,0Ry), If T'y = {u(xz,t) = 0} has an empty interior (i.e., R
is sufficiently well behaved), then

T/h
tim (J (@R, x {nh)) = (T x )
n=0 t>0

in the Hausdorff sense.

In the original paper, Bence, Merriman and Osher described how this method could be used even if the
original boundary was not simple or if there was a complex of boundaries separating the space into more
than two regions. The process for doing this involves simple pairwise comparisons of every diffused region.
If a boundary complex separates the space into IV regions, each region Ry is diffused in the same way so
that u”(-,h) = S(h)xry. Having diffused all of the regions, if u*(z,h) > u/(x,h) for all j, then x is in
region R:. The new boundary complex will form whenever u'(z,h) = u?(z,h) > u*(z,h) for all k # i, 7,
and singular points in the boundary complex appear when there are at least three regions which satisfy
ul(x,h) = v (x,h) = uF(x,h) > ul(z,h) for all | # i, j, k. Although the standard MCF does not account for
such boundary complexes, relaxed versions of the MCF, like the Network flow [INS19], do.

All of this theory was developed in the Cauchy setting with a Gaussian kernel. Two important gener-
alizations were made. The first came from [[sh94], who found that the kernel need not be Gaussian. The
author showed that the same convergence could be observed as long as K satisfies the following conditions

H1 K is non-negative, measurable, and radially symmetric



H2 [o. K(2)(1 — [2]*)dz < o0

H3 [t K((w,0))(1 — Jw]?*)dw < oo

H4 If R := (0,1) — R satisfies lim, o+ R(p) = 400 and lim, o+ pR(p)? = 0, then for any g(z) = 2TAz+a
for A € S*! and a € R, we have

lim sup
P=0re(0,p)

/ K((z,r9(2)))g(z)dz — [ K((2,0))g(2)dz| =0
Brn-1(0,R(p)) R™

H1 is meaningful in the game-theoretic context, and its meaning was discussed in Subsection [2.1] H2 and
H3 are growth conditions on K(z) and a restriction of K(z) to n — 1 dimensions. The meaning of H4 has no
game-theoretic interpretation, and indeed any reasonable kernel used in a game-theoretic context will satisfy
H4. One can verify that the standard kernels like the Gaussian, cone, or radial cutoff function satisfy all of
these conditions. More information about this assumption can be found in [Ish94] and in [IPS99).

The second important generalization was due to [[I01], and it showed that this scheme can be adapted to
a bounded domain with Neumann boundary data. The result relies on the work of [Sat94], which described
the level set approach with Neumann boundary conditions. In a bounded domain, the MBO process can be
generalized with any kernel that satisfies H1-4, and the domain boundaries found by MBO will still converge
to mean curvature flow with a right-angle condition. We now call this the free boundary mean curvature
flow. The result is written here, and readers interested in the proof should refer to [II01].

Lemma 3 (Convergence of MBO from [[I01]). Let Q be a bounded domain with C? boundary, let the
generalize MBO operator in Q) with parameter h be called

1
Ghrg(x) = sup {A €R; /Q KV (2 = y)xg2a(y)dy > 3 /Q KV (z - y)dy} (10)
where K"(z) = ;%K (%) and let u, (z) be the sequence of functions generated by u?nﬂ)h = Gpul,. Then
for Ry C Q as in Lemmal[d]
T/h
~ h
fim U i < o 0 )

is a viscosity solution to in Q x [0,T] with continuous initial data satisfying {u(z,0) = 0} = IRy and
with Neumann Boundary conditions.

This is the final result we need to show our main result.

3 Main Result

The main result is to show that the MBR sequence converges to free boundary MCF. Our main ingredient will
be the equivalence between MBR and generalized MBO. Once we show this, we can simply apply lemmas
and [3| to show that MBR is equivalent to MCF. Because the equivalence we show here is not terribly
complicated, we will first prove it easily in the Cauchy setting with the Gaussian Kernel for intuition’s sake.
Then, we will prove it again in the Neumann setting with a general Kernel.

Theorem 1 (MBR replicates MCF in R™). Consider a strategy profile u : R™ — {0,1} so that Ry = {z €
R™ u(x) = 1} is sufficiently well behaved (as in Lemma and let Tg = ORy be its boundary. Further, let
Ur>o(Ty x {t}) be the unique solution to the mean curvature flow from Ty which exists until some time T

which may be infinite. If {u(nh)}fﬁé is the MBR sequence of strategy profiles generated by H(h) with a

2
Gaussian Kernel J\/H(x —y) = ﬁ exp ((%) ) starting from X g, then

T/h
Lim U (Chy x {nh}) = U(Ft x {t})

In the Hausdorff sense, where I, = OR!, = 8{x € R";u(nh)(z) = 1}.

10



Proof. The first step is to show that a single step of MBR with kernel JV s equivalent to the MBO process
in R™. This can be done through a simple computation once we observe that J vV is the fundamental solution
to the heat equation after time t = h.

Let ug be a strategy profile and let Ry = {x € R™;ug(x) = 1}. Now we compute H(h)up and see that

H(huo(e) =1 = | T (@ = yxno)dy > [ IV @~ y)xas )y

Recall that, because J has mass normalized to 1 and that Ry U R = R™ this is equivalent to writing

M) =1 = [ = yn, )y > 5

= (S(h)xr)@) >

This is exactly equivalent to the update rule in the MBO scheme as in @[), and so we can say that player z
plays strategy 1 if and only if x € Ry, where R; is the region resulting from one step of MBO starting from
Ry. This means that the first step is complete and MBR is equivalent to MBO in the Cauchy setting.

We have assumed that the initial domain is sufficiently well-behaved that has a solution v with initial
data v(z,0) = dd(z, 0Ro) which has a level set {z € R;v(z) = 0} without an interior. By Lemmall] there is
a unique viscosity solution to with initial data xr, — xrg, and so the MBO scheme will not develop an
interior.

Now let { R" }T/ " be the sequence of regions generated by the MBO scheme with time step h. According

nhJfn=0
to [BGI5] and [Eva93], limp_,o UZL%((Xth(:E) = X(gh,)=) X {nh}) is a viscosity solution for (8) with initial
data xR, — XxRrg- And so, as in Lemma

T/h
lim U @RL, x {nh}) = [JTu x {t}
—

n=0 t>0

in the Hausdorff sense.
With both of these points, it is easy to conclude that if Q", = {z € R";u,,(x) = 1} and I'?, = 0Q",,
then Q", = R!, for all n and so

T/h
;lLiE% U (Thp x {nh}) = U(Ft x {t})
n=0 >0

O

This main result, in the game-theoretic context, says that the boundaries of the strategic communities
evolve according to the mean curvature flow in the limit as time steps become arbitrarily short and players
interact with a vanishingly small neighborhood around them. This proof demonstrates this in the Cauchy

setting, but we can also demonstrate this in a bounded domain with the more sophisticated machinery of
[Ish94l TPS99, [II01].

Theorem 2 (MBR replicates Free Boundary MCF in Q C R™.). Consider a domain Q C R™ which has a
C? boundary. Consider the strategy profile ug : @ — {0,1} so that Ry = {x € Q;ug(x) = 1} is C%, compact,
and sufficiently well-behaved so that the hypotheses of Lemmal[l] are satisfied. Let T'g = ORy. Further, let
Uiso(T'y x {t}) be the unique solution to the Free Boundary Mean Curvature Flow from Ty on the interval
[0,T]. If {unh}zgé is the MBR sequence of strategy profiles generated by H(h) with a kernel satisfying H1-H),
and appropriate scaling as in starting from ug, then

T/h

lim | J (T, x {nh}) = |J (@0 x {1})

h—0
n=0 t>0

In the Hausdorff sense, where I, = OR", = 0{x € Qu,p(z) = 1}.

11



Proof. As before, we will start by showing that one step of MBR is equivalent to a single step of the
generalized MBO process in . Let ug be a strategy profile and let Ry = {z € Q;up(z) = 1}. Now we
compute H(h)up and see that

Mo =1 = | K@= p)xagody > | KV =) xag)dy
Recall that, because relative payoff, not absolute payoff, determines the best response, we can adjust our

Kernel to normalize its mass to 1 by dividing by || KV (z — )21y This gives us

1

T — ')||L1(Q)

1
= /QK\/E(SE —Y)XRo(y)dy > 3 /Q KV« — y)dy

H(h)up(z) =1 <~

N |

[Pt /Q KM@ = y)xr, (y)dy >

Now consider G” as in (10]).
1
Ghg(z) = sup {)\ € R;/ K‘/E(x —y)Xgxr(y)dy > 5/ K‘/E(x - y)dy} .
Q Q

and let g(z) be any continuous function so that g(z) > 1 for z € Ry and g < 3 for 2 ¢ Ry. Such a function
always exists (e.g., g(x) = dd(z,0Ry) + 3). Now observe that

1 1
Gg(x) > 5 = EVM@ = y)xgor > 5 | K@ —y)dy

o 2 Jo
1
= / K"z —y)xr, > f/ KV (z — y)dy
o 2 Jo
— H(h)up(z) =1

This means that if g is any continuous function so that g(z) > & <= wu(z) = 1 then G"g(z) >
1 <= H(h)u(z) = 1. Thus, by simple induction, if u, is a sequence of strategy profiles generated by
H(h) starting from uy and g, is a sequence of continuous functions generated by G" starting from go, and
if go(z) > 3 <= wup(x) =1, then g,,(z) > 3 <= uup(x) =1 for all n. Importantly, this implies that, as

long as the level set {g,,(z) = 3} does not develop an interior, then

gun(@) = 2 b = 0 {unn(2) = 1} =T,
) = 3

Recall our assumption that ug is such that Ry = {ug = 1} is sufficiently well-behaved so that the solution
to (8) with initial data go(z) = dd(z, dR) will not develop an interior as in Lemma[l] With this assumption,
we need only note that, by Lemma 3] it is certain that the sequence g,;(z) generated by G converges to a
viscosity solution of . Namely,

T/h
lim U (g"), % [nh,(n+1)h) =g

h—0 neo
That viscosity solution, g, will not encounter the empty interior difficulty. Moreover, under these conditions,
the strategic boundary I',,;, will also not develop an interior because it will conform to the level sets {g,n(x) =
%} in the generalized MBO process, by the computation above.
Now we conclude by saying that the level set of the viscosity solution {g(x,t) = 4} satisfies the free
boundary mean curvature flow starting from {g(z,0) = 2} = 9Ry = 'y, which we call U;>o(T' x {¢}). Thus,

12



we have shown

T/h T/h 1
li r = li ho(@) == 1
pimg Ul ) = i U (0ot = 5 o )
1
-y(feen-2)o)
>0
= J@ x {t})
t>0
The first equality is convergence in the Hausdorff sense. Note that, if T'?, = 9{g", (z) = %}, then the

Hausdorff distance between I'", x {nh} andd{g", (z) = 3} x [nh, (n+1)h) is exactly h for any n. The second
equality is the result of [II01], and the third equality comes from the geometric quality of solutions to () as

described by [ES91]. O

This complete result shows that the strategic boundary in the continuous coordination game evolves
under MBR (in a certain limiting sense) by Free Boundary Mean Curvature Flow. On its own, the result
is interesting enough. From a geometer’s perspective, we have constructed an elementary game and, from
game-theoretic first principles, can replicate a fundamental geometric flow. There is a history of finding
such game-theoretic equivalences (e.g. [GMRRC25] [KS06]), but ours is the simplest game in this category
of which we are aware. Of course, the results that such games are equivalent to mean curvature flow imply
that all the games themselves are equivalent in some sense.

From a game-theoretic perspective, however, the equivalence between this fundamental game and this
geometric flow allows us to answer game-theoretic questions with geometric answers. A discussion of such
questions and answers follows in section [4]

There are two points related to the main results that we must still address. The first is that having
an empty interior does not necessarily mean the boundary has measure 0, so the strategic boundary may
have an empty interior, but the set of players with degenerate best responses may not have measure zero.
Although we conjecture it is possible to argue that the strategic boundary of measure zero is implied by
properties of the strategic communities under these evolutions, it is simpler to note that every result listed
and every proof given work identically for a strategy profile u and its opposite 1 — u. The decision to say
that H(h)u(z) =1 <— K *u > % instead of using a strict inequality is equivalent to giving a tie-breaking
order where, if strategies 0 and 1 are both best responses, pick strategy 1. Because we do the same process
on 1 —u and get the same evolution of the strategic boundary, we have shown that any tie-breaking order
works equally well so long as the initial strategic boundary is sufficiently well-behaved.

We must also point out that MBO and even the generalization of MBO can be extended to describe the
evolution of multiple region boundaries by doing pairwise comparison of each pair of regions according to
equations @D or . As an example, consider three pairwise disjoint regions R, Ry and Rz = Q\ Ry \ Rs.
With each of these is an associated function gi, g2, and g3 so that g; > % <~ x € R; fori=1,2,3. To
extend the generalized MBO scheme to this setting, we would say that

G"gi(x) = min sup {/\ € R;/ K2 — y)xgza(y)dy > / KV (2 — y)xgj»(y)dy}
Q Q
In this setting, it is even easier to see the equivalence between this and the best response function
because it is a direct comparison between functions of the form K * xg: and K * xr;. We can again show

the equivalence as in the proof of 2| Suppose R1, R and R fill  and let g;(x) be continuous functions such
that g;(z) > % <= z € R;. Now note that G"g;(z) > % is equivalent to saying that for all j # i

1
sup {A eR; /Q KV (3 = y)Xgo2a(y)dy > /QK“E(:B - y)xg,-»(y)dy} >3

This is again equivalent to saying that

/ KVE(z — )Xo (0)dy > / KV@ = y)xg or(p)dy Vi #i
Q Q
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Myopic Best Response Converging to Non-consensus
T=2 T=5

T=9 T=13

Figure 7: A strategy profile with three strategies evolving under MBR.

Now we recall that these convolutions are exactly the expressions for payoff, so we have shown that

Glgi(x) > = = w(x,ilu) > w(x,jlu) Vj #i <= H(h)u(z) =i

N | =

Thus we have shown that if R; are regions which fill  and g; are such that g;(x) > % <= x € R; then

G'gi(z) > 1 <= z € {x € O, H(h)u(z) = i}. This is a slightly more complicated way of saying that the
strategic boundaries of strategic community i, under H(h), will coincide with the level sets of {G"g;(z) = %

and thus, even in the more general setting, MBR is equivalent to the generalized MBO scheme. We cannot
at present use this to form an equivalence between MBR and a more general notion of mean curvature flow
which allows for these boundary complexes, but we can show empirically that the strategic boundaries seem
to move according to the free boundary network flow (e.g., Fig. m) In the figure, the strategic boundaries
(the curves that separate the green, yellow, and cyan regions) seem to move according to MCF away from
the junctions. This motion is similar to the Network flow of [INST9] except for the fact that curves in the
simulation can meet and annihilate each other or join together. In the actual limit, this would not happen
because curves only show this behavior when they come within v of each other and otherwise cannot

coincide in finite time because of the avoidance principle.

4 Implications

The most obvious implication of the main result is that Nash equilibria are minimal surfaces, which are
stationary solutions to MCF or free-boundary MCF. This gives us an opportunity to do a complete classi-
fication of Nash equilibria given a particular domain. For instance, if the domain is a disk in R?, the only
minimal surfaces are diameters, and thus diameters are the only strategic boundaries that correspond to
Nash equilibria. In a more general 2D domain which is strictly convex, still the only Nash equilibria corre-
spond to diameters where they exist. These examples are rather trivial, but they show a general principle
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which is that from the geometry of the player domain alone, we can determine the kinds of Nash equilibria
that are admitted.

Remaining in the 2D case, we can use some results well understood from the theory of curve shortening
flow to describe the dynamics of strategic communities under coordination. For instance, in curve shortening
flow, the area enclosed by a curve changes at a rate proportional to the turning angle of the curve. That
is, if a curve entirely encloses an area, the turning angle of the curve is one complete rotation (27) and the
enclosed area will shrink at a rate of 27 units of area per time. This allows one to exactly compute the time
of extinction for a strategic community based only on its size and its intersection with the domain boundary.
An interesting point about this is that, if a strategic community is entirely surrounded by another strategic
community, under MBR the surrounded strategic community will disappear after a length of time which
depends only on the initial area and not the initial shape.

A last point to this same effect is that if a domain has at least three strategic communities but no
two strategic boundaries intersect initially, then no two strategic boundaries will ever intersect, at least in
the limiting process as h — 0. This result is equivalent to the well-known avoidance principle for curve
shortening flow. If no two strategic boundaries intersect, then the results above still hold for each of the
strategic boundaries individually, and so each will move according to the mean curvature flow. Because two
surfaces evolving under MCF that do not initially intersect cannot intersect at any future time, we know
that the strategic boundaries will never intersect. This, of course, is only valid in the limit as h — 0 because
(as seen in Figure [7)) for any positive h, if strategic boundaries come within v/ of one another, they may
combine into a single strategic boundary or annihilate one another and leave behind no strategic boundary.
If boundary 1 separates strategy a from strategy b and boundary 2 separates strategy b from strategy c, the
contact of these boundaries will result in a single boundary between strategy a and c. However, if boundary
1 separates strategy a from b and boundary 2 separates strategy b from a in the opposite order, the contact
of these curves results in no boundary. The fact that these behaviors depend on the actual strategy profiles
and not just the geometry of the strategic boundary is proof that without the limit, this game cannot be
understood entirely geometrically. However, even for positive h, as long as boundaries are at least a distance
of Vh away from one another, the behavior of the boundary curves will at least approximate the curve
shortening flow.

It may be of interest to some, especially those studying applications of dynamic game theory in ecology or
economics, to consider the stability of Nash equilibria. To borrow from the evolutionary ecological vocabu-
lary, a convergent stable equilibrium (CS-equilibrium) is a Nash equilibrium, w, such that all nearby strategy
profiles will converge to w under a certain strategy revision protocol, which, in our case, is MBR. This is
similar to the concept of a Convergence Stable Strategy, a refinement of the more well-known Evolutionary
Stable Strategy (ESS),[AsBV09, MSP73]. However, the spatially explicit nature of the strategy profiles in
question here makes the terms CSS and ESS inappropriate. These CS-equilibria are the only relevant equi-
libria in many application settings because a system that is at a Nash equilibrium but not a CS-equilibrium
will fall away from equilibrium after a small perturbation. CS-equilibria, in our case, correspond to strategic
boundaries which, if perturbed by some small distance in C?, will return to the original strategic boundary
under mean curvature flow.

This equivalence means that, in a 2D convex domain, there are no Convergent stable Equilibria. Every
Nash equilibrium can be perturbed in such a way that the strategic boundary moves away from the original
strategic boundary. Indeed, every Nash equilibrium can be perturbed in such a way that one strategic
community goes extinct in finite time. For this reason, stable coexistence is only possible in non-convex
domains.

Lastly, we look ahead to future work and consider what this system might look like if one strategy offered
a better payoff than the other (e.g., Figure . In the system described in section [2| the payoff matrix for
each pairwise interaction is the identity matrix. However, if instead the payoff matrix were a diagonal matrix
with entries o1, ..., 0., players may adopt a new strategy even if it is not the most popular strategy in its
neighborhood. In the simplest case with two strategies, let the payoff matrix be

10
0 o
The example in Figure [§ shows strategy 1 in dark blue with a payoff of 1 and strategy 2 in light blue with

a payoff of 0 = 0.7.
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MBR with o = 0.7

T=0.1 T=3
T=7

Figure 8: Myopic best response in the setting where strategy 1 (in dark blue) is favored over strategy 2
(in light blue). The fronts move outward at a constant speed until a singularity forms, at which point the
strategic boundary smooths in a manner like curve shortening flow.

If we try to examine the geometric properties of this flow through the same equivalence as before, we can
see that MBR is equivalent to the following MBO-type operation

Ghgi(z) = Sup{A € R;/ KV — y)xgoa(y)dy > 1 / KV dy}
9} +0‘

Sequences generated by G" do not converge to solutions of as h — 0, and so it is certain that the
motion of the strategic boundaries in this case will not move according to mean curvature. Worse still,
numerical experiments suggest that the motion of the boundaries would depend on € in such a way that no
limit exists (see figures [9] and . When the curvature of a strategic boundary is far smaller than \/LE (as

is always the case in the limit), the strategic boundary moves with approximately constant speed, which
depends on € in the direction of the less favorable strategy. This falls far short of a proof, but it gives us
the numerical suggestion that the geometric properties of coordination are not generic. From the numerical
experiments like those depicted in Figure [8] it appears as though the strategic boundaries move in a way
more similar to front propagation with constant outward velocity (see Figure E[); only in the places where
singularities form or where the strategic boundary forms a sharp angle with the domain boundary does
motion by mean curvature describe the flow. Readers who are interested in simulating these types of flows
can access them in the repository linked in the code availability statement of this manuscript, which is cited
here as [McA26a]. Further research must be done to understand the ways that the geometric properties of
the neutral coordination game can be extended to a more general class of games.

Although this manuscript does not present a great technical achievement (the only real innovation is the
equivalence between equations 7@, and ), it has shown a great connection between two fundamental
elements of two very separate fields of mathematics. This result allows us to use results from one to guide
inquiry in the other. Most crucially, this connection allows us to describe coordination (at least in a certain
limit) through geometric properties alone, which helps us understand the relationship between relational
structure and game-theoretic outcome.
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Figure 9: The numerically approximated speed of the boundary depending on the curvature of the boundary.
When o < 1, strategy 1 is more favorable. Boundary curves always move faster in the outward direction

Curvature of Boundary (x)

than they would in the case where o = 1 (marked in the dotted blue line).
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